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Buckling of Laminated Conical Shells Given
the Variations of the Stiffness Coefficients

Yiska Goldfeld* and Johann Arbocz’
Delft University of Technology, 2629 HS Delft, The Netherlands

The buckling behavior of filament-wound laminated conical shell is thoroughly investigated by consideration of
the variation of the stiffness coefficients. To date, all analyses of laminated conical shells have been undertaken
with constant stiffness coefficients in the laminate constitutive relations, usually under the assumption of nominal
material properties taken from the midlength of the cone. The main object of the study is to investigate the influence
of the variation of the stiffness coefficients on the buckling behavior of laminated conical shells. An analytical and
computational model was developed to calculate the variation of the stiffness coefficients under the assumption
that, in the case of filament-wound truncated conical shells, the fiber orientation changes using a geodesic path.
The model was added to the computer code STAGS-A to calculate the buckling behavior of the laminated conical

shell.

Nomenclature

A, A = membrane stiffness coefficients defined by Eq. (21)
Bi;,B = coupling stiffness coefficients defined by Eq. (22)
by = general distance between fibers defined by Eq. (6)
b, = distance between the longitudinal fibers for s = s,
C = cos(B) [Egs. (12)]
D;;,D = flexural stiffness coefficients defined by Eq. (23)
d, = constant defined by Eq. (4)
Eyi, Ex = apparent elastic moduli for an orthotropic lamina
Gz = apparent shear modulus of an orthotropic lamina
K = layer (or lamina) index
L = slant length of the conical shell
M = moment resultants, { M, My, My}
N = number of layers (or laminae)
N = force resultants, { Ny, Ny, Ny}
Nyxer = axial compression buckling load
Nyoer = torsional buckling load
Der = hydrostatic buckling load
0,0 = coefficients defined by Egs. (9)
Qij» 0 = transformed reduced stiffness, defined by Egs. (11)
R, = radius at the narrower end of the cone
S = sin(By) [Egs. (12)]
S, 81, 852 = longitudinal coordinates for conical surface (Fig. 1)
te, Iy = thickness of a lamina
4 = thickness of laminated shell at the top of the cone
w = radial displacement (positive inward)
X = axial coordinate for conical shell (Fig. 1)
z = coordinate perpendicular to the shell wall

(positive inward)
a = cone semivertex angle
B = winding angle [Eq. (5)]
Bi = winding angle at the top of the cone
€ = strains, {&;, &9, V5o
e° = strains at the reference surface, {¢?, £J, y}
€1, &, Y12 = strains in the direction of the principle

axis of a lamina
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6 = conical circumferential coordinate; coordinate
of a fiber [Fig. 1 and Eq. (1)]
v = Poisson’s ratio for isotropic sheet
Vi2, Va1 = apparent Poisson’s ratios for an orthotropic lamina
o = stress, {0y, 0y, Ty}
01,02, T2 = stress in the direction of the principle
axis of a lamina
X = change of curvature and twist of the middle

surface, {xs, X0, Xs6}

Introduction

OMPOSITE laminated conical shells are widely used in aero-

nautic, naval and civil engineering structures. Unlike the
isotropic conical shells, in the case of composite laminated materi-
als, the thickness and the material’s properties vary with the shell
coordinates, which ultimately result in coordinate dependence of
the stiffness matrices (A, B, and D). This effect complicates the
problem considerably. The first level of complexity is attributed
to the need to find an analytic representation of those functions,
which depend on many factors such as the manufacturing process,
the variation of the angle ply, the change of the shell’s thickness,
etc. An exhaustive study of the stiffness functions and their depen-
dence on the various factors has been performed by Baruch et al.'
The second level of complexity is associated with the introduction
of coordinate dependent stiffness matrices into the mathematical
model and the solution of the system of nonlinear governing partial
differential equations with variable coefficients. To avoid these ob-
stacles, in most investigations reported in the literature, the stiffness
coefficients are assumed constant.

In most of the works that deal with laminated conical shells,
there is no consideration of the variation of the stiffness coefficients
with the shell coordinates.>~7 In some cases (Ref. 8, for example),
the simplifying assumption of constant stiffnesses throughout the
entire shell has been adopted. For example, Tong et al.’ omitted
the influence of the angle variation and adopted the value of the
ply angle at the midlength of the cone as the nominal value and
considered only linear variation of the thickness of the shell in their
proposed solution.

Tong!? suggested a simple formula for the critical buckling loads
of laminated conical shells with stretching—bending coupling under
axial compression. His formula is based on Seide’s'! formula for
isotropic conical shell and uses constant stiffness. As a result, the
model presented by Tong'” is only suitable for imaginary conical
shells that cannot be manufactured in practice (see Baruch'?).

Baruch et al."'? showed that, due to the unique geometry of the
conical surface, and with regards to the filament winding process
used in casting of the laminated shell, constant stiffness coefficients
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can never be achieved. The stiffnesses of a laminated conical shell
always vary and are strongly dependent on the coordinates of the
shell. It is also shown that by selection of a proper filament winding
process, these functions can be reduced to functions of the longi-
tudinal coordinate only. However, due to the significant complexity
involved with analysis of the buckling load and the imperfection
sensitivity of such laminated conical shells, Zhang'® and Zhang and
Arbocz'* omitted the influence of the stiffness variation and used
nominal values instead. Khatri and Bardell' found that for the case
of laminated open conical shell panels built by the use of a different
manufacturing process, the stiffness coefficients are also functions
of the coordinates. Hence, to quote the conclusion of Baruch et al.! 2
and Baruch,'® “The stiffness coefficients needed for the analysis of
a laminated structure have to be calculated only after taking into
account the process which can be used to build the structure.”

An advanced investigation for finding an adequate model for the
behavior of the composite shell is reported by Tong.!”"!¥ Numerical
and experimental investigations are presented for laminated coni-
cal shells under axial compression and for different ply stacking
sequences, whereas a modified model is proposed to calculate the
ply thickness. However, here again, the buckling loads have been
calculated while both the effect of the ply angle and variation of the
ply thickness were neglected and replaced with nominal ones taken
from the midlength of the cone.

In this study, laminated conical shells will be thoroughly investi-
gated by consideration of the variation of the stiffness coefficients
(Ajj, Bij, and D;;) and their dependence on the shell’s coordinate.
The improvement in this research is achieved by the adoption of
a suitable analytical representation to describe the coordinate de-
pendent stiftness and, especially, by the study of the influence of
the variation of the stiffness coefficients on the buckling behavior
of the filament-wound laminated conical shell. The exact solution
was calculated via the computer code STAGS-A'® by the addition of
a user-written subroutine WALL. A comparison between the exact
buckling load solution via STAGS-A and the buckling load based
on average stiffnesses will be performed to validate the assumption
that has been used by many researchers. Furthermore, to try to find
a better estimate for the exact buckling load, comparison with the
solution derived by the exact stiffnesses at the midlength of the cone
will also be carried out. Moreover, in the attempt to find an adequate
lower bound to the exact buckling load, the buckling load was also
calculated by the use of the stiffness matrices at the large end of the
cone (weakest cross section of the shell).

Constitutive Relation of Laminated Conical Shell

Some parts of this section have already been carried out by others;
however, for completeness of the subject, they will be repeated here.

Position of the Fiber on Filament-Wound Truncated Circular
Conical Shell

The position of a fiber will be defined by setting 6 (the conical
circumferential coordinate) as a known function of s (the conical
longitudinal coordinate) (Fig. 1).

During the filament winding process, a single fiber tow runs repet-
itively from one pole to the other to form one over-and-under wo-

Fig. 1 Geometry and
sign convention for coor-
dinates and the position of
a fiber on a conical shell.

ven fabric layer, which can be approximated as two single plies
with fibers equally distributed in both directions, that is, +8. For
the case of filament-wound truncated conical shell, the orientation
of the fiber is applied by the use of a geodesic path (the shortest
distance between two points on a surface). For this case, the fiber’s
coordinate is given by'-?

0(s) = (1/sina)[arccos(d;/s) — arccos(d,/s)] (D)

where s, is the coordinate at the narrower end of the cone (Fig. 1)
and d, is a constant that will be defined later.

Because the angle between the fiber and the longitudinal coordi-
nate 8 is defined as (Baruch et al.!?)

tan f = 50, sina 2)
From Egs. (1) and (2),
sin f = (di /) 3)

and the initial winding angle at the narrower end of the conical shell
(s=s1)1s

sinﬂl = (dl/Sl) (4)

Therefore, the angle between the fiber and the longitudinal coordi-
nate can be rewritten as

sin B = (s, /s) sin By ®)
The distance between the fibers is obtained as (Baruch et al.:?)

b, = b, scosp. 6)
51 cos By

where b, is the distance between the fibers at the narrower edge of
the cone.

Thickness of a Lamina
Because the amount of material for unit length of the fiber is kept
constant during the filament winding process, it follows that

bst, = bit; — const )

where #; is the thickness of the lamina for s = s,.
Equations (6) and (7) yield

A s1cos By ®)

scosf

Variation of Fiber Orientations

In Fig. 2 the change of the fiber inclination, the distance between
the fibers, and the thickness of the lamina, are plotted vs the longitu-
dinal coordinate for conical shells (with a slant length of L =0.2 m
and a shorter radius of the truncated cone R; =0.1325 m) with var-
ious cone semi-vertex angles (values from o =0 to 90 deg). The
angle between the fiber and the longitudinal coordinate at the nar-
rower end of the cone was taken as ; =45 deg. As was expected,
the fiber orientation is highly dependent on the cone semi-vertex
angle. The wider the cone semivertex angle, the more the fiber ori-
entation is affected. Furthermore, the most significant discrepancy
occurs at small cone semivertex angles. This implies that decreases
of the thickness and the ply angle, along with the longitudinal co-
ordinate, is higher between o =0 and 10 deg than, for instance,
between o =45 and 90 deg. Moreover, note that the changes of the
ply properties, along the longitudinal coordinate, for o« =45-90 deg
are almost the same, and the wider the cone semivertex angle, the
less the discrepancy. The ratios between the thickness at the mi-
dlength and at the top of the cone (the narrower end) and between
the bottom (the larger end) and the top vs the cone semivertex an-
gle are plotted in Fig. 3. Note that the wider the cone semivertex
angles, the higher the discrepancies between the thicknesses. This
will mainly influence the discrepancy between the exact buckling
loads and the nominal ones, as will be presented later.
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Fig. 2 Change of a) fiber inclination, b) distance between the fibers,
and c) thickness of the lamina vs the longitudinal coordinate for
filament-wound conical shells with various cone semivertex angles.
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Fig. 3 Change of thickness ratios vs cone semivertex angle.

Stiffness Behavior of a Lamina

Following Jones®® and Whitney,?' the constitutive equations for
the kth homogeneous orthotropic lamina, with consideration to its
principle axis (1, 2), are

(o5} Oun QOn 0 31
03 =|0n Oxn 0 &2 )
), 0 0 Qe Y2 ),

where Q1 =En/(1—vpva1), Qun=En/(1—-vpv), OQn=
V1 Q11 =120, and Qg = G1,. There are four elastic constants:
E\1, Ex, vy, and G,, whereas vy is received from the symmetrical
demand of the stiffness matrix as v, Eo = vy Eq.

In the case of laminated conical shells, the lamina principal axes
(1, 2) do not coincide with the reference axes of the shell (s, ). Thus,
to be able to determine the shell wall constitutive equations, the con-
stitutive equations for each individual lamina must be transformed
to the shell wall reference axes. This transformation yields

Oy Q 11 Q 12 Q 16 Es
(o] =|0n 0On 0x & (10)
Tso ) 4 O 02 Qoo Vse ) i

where
011 = 0nC* +2(Q12 +2066)C>S* + 0 S*
Q1= (011 + 02 —406)C*S* + Q1 (C* + §)
0 = 0nS* +2(Q12 4+ 2Q06)C*S* + 0nC*

Qe = (Q11 + 022 — 2013 = 2066)CS* + Qe6(C* + S*)
016 = (011 — Q12 — 2066)C*S + (012 — Q22 +2066)CS®
02=(Q11 — 012 —206)CS* + (Q12 — Q0 +2066)C*S  (11)

whereas

C = cos fi, S = sin i (12)
In correspondence to the winding process, the [Q]k matrix will
change with the changing of the winding angle f;, which depends
on the longitudinal coordinate [Eq. (5)].
The strain—displacement equations are given by

{e} = (") +zix) 13)

where ()" = {e,, &9, 5}, (€%} ={e), &), v} and {x)}" = {x, X0
XSH}-
Substituting Eq. (13) into Eq. (10) yields

{o} =[01{e”} + z[Q{x} (14)

Stress and Moment Resultants of the Laminate

For thin-walled shells, the stress and moment resultants acting at
the shell mid-surface are obtained by integration of the stresses in
each layer (or lamina) through the laminate thickness as

N 7
WEDY / (o dz (15)

k=1

N 73
=" / {ohedz (16)
k=1Y%k-1

where {N}" ={N;,, Ny, Ny} and {M}" ={M,, My, M,;}, whereas
the position of the kth lamina is defined by #,_; <z <# and N is
the number of laminaes.

Note that {€°} and {x} are not functions of z, and, within any layer
(from #; _ | to #;), [@]x is also not a function of z. Then, substitution
of Eq. (14) into Egs. (15) and (16) yields

N t k41
=) <[Q]k{e°} / dz + [Qlix) / zdz> an
k=1

k-1 k-1

N

M} = Z ([Q]k{eo}/ zdz + [Q]k{x}/ z* dZ> (13)

k=1



GOLDFELD AND ARBOCZ 645

Furthermore, {€°} and {x} are not functions of k, and, thus, Egs. (17)
and (18) can be reduced to the following form:

{N} = [Al{e"} + [Bl{x} (19)
{M} = [B1{e°} + [D1{x} (20
where
N —_
A= Z[Q]k(lk —t—1) 21
k=1
1<
B=5) [0L(F -1 ) (22)
k=1
1N .
D=3 Z[Q]k(z,f —5_) (23)

k=1

As has been shown earlier, the winding angle g of a conical
shell depends on the winding process, and it is a function of the
longitudinal coordinate (s). Furthermore, the thickness of the lamina
also changes in the longitudinal direction. Therefore, the [A], [B],
and [D] matrices are strong functions of s.

Normalized Aj

0.951

0.9
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Fig. 4 Change of stiffness coefficients for GFRP filament-wound con-
ical shell (=9 deg, L=0.2 m, and Ry =0.1325 m).

Variation of the Stiffness Coefficients

In Fig. 4 the coefficients A;;, B;;, and D;; are plotted vs the
longitudinal coordinate for Tong’s'”18 glass fiber reinforced plastic
(GFRP) conical shell (¢ =9 deg, Ry =0.1325 m, and L =0.2 m)
with material properties as follows: The longitudinal modulus
E,; =42.6 GPa; the transverse modulus E,, = 11.7 GPa; the shear
modulus G, =4.8 GPa; and Poisson’s ratio v;, = 0.302. The fiber
orientation at the midlength of the cone is (90/£45/90 deg), and the
thickness at the narrower end f; = 1.16 mm. Note that all stiffness
coefficients are affected by the fiber orientation. The stiffness coef-
ficients decrease by approximately ~60% from the top of the cone
(narrower end) to the bottom (larger end). The variation is most
pronounced for D;;, a reduction of 50%, because for this case the
thickness is raised to the power of three in Eq. (23). Furthermore, as
the cone semivertex angle increases, the reduction of the stiffness
coefficients also increases, as can be seen in Fig. 5, for the GFRP
conical shell [with layups of (90/£45/90 deg) at the narrower end
of the shell]. Here again, the most significant discrepancy occurs
at small cone semivertex angle. This means that the decreases of
the stiffness coefficients, with the longitudinal coordinate, is higher
between o =0 and 10 deg than between o =45 and 90 deg. In all
cases, the most compliant part of the shell is in the larger end of the
cone where the inclination of the fibers, and especially the thickness,
are the smallest.

Buckling Load of Filament-Wound Laminated
Conical Shells

The main objective of this study is the investigation of the in-
fluence of the variation of the stiffness coefficients on the buckling
behavior of filament-wound truncated conical shells. In addition, the
appropriate range for the validity of the various approximate solu-
tions is established by comparison with the exact buckling load. The
exact buckling load is calculated taking into account the variations
of the stiffness matrices. The approximate solutions are obtained un-
der the assumption of constant stiffness matrices based on material
properties taken from different shell cross sections, as follows:

1) Buckling load based on average stiffnesses is the most common
calculation in the literature. It uses an average thickness (from both
ends of the shell), under the assumption that each ply had an equal
thickness and takes the fiber inclination from the midlength of the
shell.

2) Buckling load based on exact stiffnesses at the midlength is
calculated by the use of the exact thickness of each ply at the mi-
dlength of the shell and by the use of the fiber inclination from the
midlength of the shell.

3) Buckling load based on stiffnesses at the large end is calculated
by the use of the thickness from the larger end of the cone, under
the assumption that each ply had an equal thickness, and by the use
of the fiber inclination, also from the large end of the cone.

The exact buckling load was computed by the inclusion of the
variation of the stiffness coefficients. This was done with the com-
puter code STAGS-A,'® by addition of a user-written subroutine,
WALL. Subroutine WALL makes it possible to vary the stiffness
matrices or the material properties that influence the calculation of
the stiffness matrices at each mesh point. In this work, subroutine
WALL was written for the case of filament-wound truncated cir-
cular conical shells under the assumption that the fiber orientation
changes as a geodesic path.

To validate the result and to check the accuracy of the buckling
loads, they were calculated by a linear bifurcation analysis and by
nonlinear bifurcation analysis.

Results and Discussion

Initially, filament-wound truncated circular conical shells made of
GFRP were examined. The geometric and material properties were
taken from Refs. 17 and 18, as mentioned before. The cone semiver-
tex angle changes from o =0 deg (cylindrical shell) to @ =90 deg
(annular plate). The fiber orientation at the narrower end of the cone
was taken as (90/£45/90 deg), and the thickness #; = 1.16 mm. The
fiber orientations and the thicknesses at the various cross sections are
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Table 1 Wall thicknesses and fiber orientation at various cross sections of filament-wound conical shells

Average material properties

Exact material properties at the midlength

Material properties at the large end

o layerage, MM

(90 deg/+ degpigieng/90 deg)  0.29/1/1,/0.29, mm

0 1.160 45 0.29

10 1.066 38.69 0.2323
20 1.022 34.19 0.1970
30 0.997 30.88 0.1734
45 0.975 27.45 0.1506
55 0.966 2591 0.1408
65 0.960 24.82 0.1342
75 0.957 24.14 0.1299
85 0.955 23.80 0.1279
90 0.955 23.76 0.1276

(90 deg/+p degmidlenglh/90 deg)  footom, mm (90 deg/Ep degpyom/90 deg)
45 1.16 45
38.69 0.972 34.07
34.19 0.885 27.79
30.88 0.835 23.76
27.45 0.791 20.00
2591 0.773 18.43
24.82 0.761 17.37
24.14 0.754 16.71
23.80 0.751 16.41
23.76 0.750 16.40

y A /A (s=s)
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Fig. 5 Change of stiffness coefficients for GFRP filament-wound conical shells with different cone semi-vertex angles.

listed in Table 1. The study covered axial compression, hydrostatic
pressure, and torsion.

Axial Compression

The axial compression was applied through the boundary con-
ditions, at the narrower end SS3, that is, N, =N,, and v=w =
M,, =0, and at the larger end SS4, that is, w=M,, =v=u=0,
where N,, is the axial stress resultant. The results are listed in
Table 2. Note that in all cases, the exact buckling loads are less
than the ones based on average stiffness. The discrepancy between
them is mostly affected by the changes of the thickness, which is
influenced by the cone semivertex angle, as can be seen in Fig. 3.
The wider the cone semivertex angles, the higher the relative dis-

crepancy between the exact buckling load and the buckling load
based on average stiffnesses.

Furthermore, in all cases, the exact buckling loads were higher
than the buckling loads based on stiffnesses at the large end of the
cone (Fig. 6). One could say that for a filament-wound conical shell
under axial compression, buckling load based on stiffnesses at the
large end of the cone is a lower bound for the exact buckling load. To
be on the safe side, calculation of the buckling load by the assump-
tion of constant stiffness matrices should be carried out with the
material properties taken from the large end of the cone (the weak-
est cross section). However, the discrepancy between the buckling
load based on stiffness at the large end and the exact buckling load
could be up to ~35%, whereas the discrepancy between the exact
buckling load and the one based on average stiffnesses is only up
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Table 2 Buckling load based on exact stiffnesses, average stiffnesses, exact stiffnesses at the midlength, and stiffnesses at the large end of laminated
conical shells under axial compression®

Exact buckling Buckling load based Buckling load based on exact Buckling load based on stiffnesses
load, kN/m on average stiffnesses, KN/m stiffnesses at the midlength, kN/m at the large end, kN/m
Linear Nonlinear Linear Nonlinear Linear Nonlinear Linear Nonlinear
o bifurcation  bifurcation analysis  bifurcation  bifurcation analysis bifurcation bifurcation analysis  bifurcation  bifurcation analysis
0 106.89(9,9) 103.08 (9, 9) 106.89(9, 9) 103.08 (9, 9) 106.89 (9, 9) 103.08 (9, 9) 106.89 (9, 9) 103.08 (9, 9)
10 7454 (5,11) 74.41 (6, 11) 86.0 (9, 10) 86.04 (8, 10) 82.590 (9, 10) 82.276 (9, 10) 69.94 (9, 11) 69.58 (8, 11)
20 59.18 (6, 12) 57.99 (4, 13) 73.84 (8, 10) 68.94 (8, 10) 67.228 (8, 11) 64.185 (6, 10) 53.92 (7, 12) 48.48 (3,11)
30 48.13(5,13) 47.12 (5, 13) 63.93 (8, 10) 54.90 (4, 10) 55.551 (8, 12) 49.903 (4, 10) 43.72 (7, 13) 36.18 (4, 10)
45 3538 (4,13) 34.71 (4, 13) 49.62 (6, 10) 42.68 (4,9) 41.067 (6, 12) 33.712 (2, 10) 32.12 (6, 12) 25.49 (2, 10)
55 27.83(4,12) 27.38 (4, 12) 39.69 (5,9) 33.87 (4, 8) 32.138 (5, 11) 26.773 (4,9) 25.19 (6, 12) 18.62 (4, 8)
65 20.42 (3, 10) 20.08 (3, 11) 29.21 (5, 8) 25.09 (4,7) 23.328 (5,9) 17.633 (3, 10) 18.36 (4, 10) 15.10 (2, 8)
75  12.66 (3, 8) 12.69 (3,9) 18.13 (4, 6) 15.33 (3, 6) 14.388 (4,7) 10.346 (3, 6) 11.354,7) 9.248 (3, 4)
90 0.508 (1, 0) 0.508 (1, 0) 0.647 (1, 0) 0.647 (1, 0) 0.4329 (1, 0) 0.4329 (1, 0) 0.320 (1, 0) 0.320 (1, 0)
“Numbers in parentheses: (axial half-wave number, circumferential wave number).
T T T T ; T T T 0.8 T T T T T T T
GFRP conical shell I/R, =1.5 R/1=114 . .
100N (90/=45/90) at the top of the cone 0.6l Buckling mode based on average stiffnesses ]
N b.c. : SS3-SS4
s 1 04f .
o Buckling load based on average stiffnesses ES
AN : 0.2 1
I B ] 0
\\
'g' * Buckling load based on exact 02 L . . L L . . . .
S 60 N stiffnesses at the mid-length 1 0 002 004 006 008 0.1 012 0.14 016 0.18 02
o X , *
5 L X Exact Buckling load | 0.6 ' i ' ' " '
2§ 40 ™ (based on exact stiffnesses) 0al Buckling mode based on exact stiffnesses B
L RN > g 02[
. / RN S
20r  Buckling load based on stiffnesses ~x 1 02l
at the large end SN Betf
L S 1 -0.4
0 1 1 L 1 1 1 1 1 -0.6 I
0 10 20 30 40 50 60 70 80 90 0.12 0.14 016 0.18 02

o

Fig. 6 Buckling loads vs cone semivertex angle for different stiffness
matrices for conical shell under axial compression.

to ~20% (annular plate in both cases). This implies that the buck-
ling load based on the average stiffnesses gives a better estimate for
the exact buckling load, but, nevertheless, it is not on the safe side.
The buckling load based on the exact stiffness at the midlength was
also computed (Table 2 and the dashed line in Fig. 6). Note that the
buckling load based on the exact stiffnesses at the midlength gives a
better estimate for the exact buckling load. However, for small cone
semivertex angles (o <~ 40 deg), the exact stiffnesses give a value
above the exact buckling load (nonconservative) and for wider cone
semivertex angles, that value is below (conservative).

Itis seen that there is a good agreement between the buckling loads
computed by the linear and nonlinear bifurcation analyses. However,
the buckling modes, in some cases, are slightly different. This is
probably a result of satisfaction of the nonlinear edge constraints in
the nonlinear bifurcation analysis.

Not only is the buckling load different, but the buckling mode
is too. Usually, exact solution of the buckling behavior with the
variable stiffness coefficients yields higher circumferential wave
numbers than solutions based on average stiffness or exact stiffness
at the midlength, and lower values than the one based on the stiffness
at the large end. Wave numbers can be seen in parentheses in Table 2.
Furthermore, at the axial direction, the buckling mode of conical
shell with constant stiffness matrices usually is concentrated at the
narrower end of the shell, dependent on the cone semivertex angle,
whereas consideration of the variable stiffness matrices yields a
deformation of the buckling mode concentrated at the larger end of
the shell, where the thickness is the smallest, as can be seen in Fig. 7
for a conical shell with o« =45 deg.

The differences in the buckling mode could affect the postbuck-
ling behavior of the shell and, as a result, affect the imperfection

080 002 004 006 008 0.1
X

Fig. 7 Buckling modes of filament-wound conical shell, =45 deg,
with different stiffness matrices and under axial compression.
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Fig. 8 Hydrostatic buckling loads vs cone semivertex angle for differ-
ent stiffness matrices.

sensitivity of the shell. This must be taken into consideration when
laminated conical shells are designed under the assumption that the
stiffness coefficients are constant.

Hydrostatic Pressure

The hydrostatic pressure was applied to a conical shell with
simply supported boundary conditions (SS4 at both ends, that is,
u=v=w=M,, =0).InTable 3 and in Figure 8, the buckling loads
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Table 3 Buckling load based on exact stiffnesses, average stiffnesses, exact stiffnesses at the midlength and stiffnesses at the large
end of laminated conical shells under hydrostatic pressure®

Exact buckling Buckling load based Buckling load based on exact Buckling load based on stiffnesses
load, kN/m? on average stiffnesses, kN/m?2 stiffnesses at the midlength, kN/m? at the large end, kN/m?2
Linear Nonlinear Linear Nonlinear Linear Nonlinear Linear Nonlinear
o bifurcation bifurcation analysis  bifurcation  bifurcation analysis ~ bifurcation  bifurcation analysis  bifurcation bifurcation analysis
0 179.83 (7) 180.61 (7) 179.83 (7) 180.61 (7) 179.83 (7) 180.61 (7) 179.83 (7) 180.61 (7)
10 113.82(8) 113.91 (8) 118.94 (8) 119.91 (8) 113.89 (8) 113.98 (8) 96.805 (8) 96.893 (8)
20 75.962 (9) 75.974 (9) 85.960 (9) 85.972 (9) 77.044 (9) 77.054 (9) 61.120 (9) 61.129 (9)
30 51.136 (10) 51.153 (10) 63.014 (9) 63.035 (9) 53.232.(9) 53.249 (9) 40.970 (10) 40.983 (10)
45 27.047 (11) 27.080 (11) 36.464 (10) 36.489 (10) 28.874 (10) 28.893 (10) 21.908 (10) 21.925 (10)
55 16.466 (11) 16.490 (11) 23.275 (10) 23.303 (10) 17.906 (10) 17.929 (10) 13.554 (10) 13.574 (10)
65 8.8947 (10) 8.9207 (10) 12.973 (9) 13.004 (9) 9.8191 (9) 9.8488 (9) 7.447 (10) 7.469 (10)
75 3.6881 (9) 3.6875 (9) 5.4556 (8) 5.4705 (8) 4.0770 (8) 4.0997 (8) 3.1026 (8) 3.1289 (8)
85 0.6335 (6) 0.6277 (6) 0.9350 (5) 0.9313 (5) 0.6894 (6) 0.6856 (6) 0.5050 (6) 0.5030 (6)
“Numbers in parentheses: (circumferential wave number), axial wave number = 1.
1 : Do fbased on exact sltiffnessels) vs. ] 50 i i i
\ 1, (based on exact stiffnesses at the mid-length) Buckling load based on |
- .
0.95r average stiffnesses
E \\\ 0 /
o0
;E 09| Y L Exact Buckling load
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2 1, (based on stiffnesses at the large end) vs. .
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k5 , e ] 2
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Fig. 9 Normalized hydrostatic buckling loads vs cone semivertex

angle. Fig. 10 Torsional buckling loads vs cone semivertex angle for different

stiffness matrices.

and the buckling modes are listed (Table 3) and plotted (Fig. 8)
for the various solutions. (The circumferential wave numbers are \
in parentheses, and the axial wave numbers for all cases are a half-
wave.) Here again, the exact buckling loads lie between the buckling
load based on average stiffness as an upper limit and the buckling
load based on stiffness at the large end as a lower limit. The buck-
ling loads based on the exact stiffnesses at the midlength, the dashed
line in Fig. 8, are somewhat above the exact loads and give a better
estimate of them. Figure 9 shows the ratios between the different
buckling loads. One could say that, for the case of laminated conical
shell under hydrostatic pressure, solution of the buckling load by the
use of the exact stiffness at the midlength could be an appropriate
evaluation for the exact buckling load, but that the solution is not on
the safe side. It is also seen from Fig. 9 that as the cone semivertex
angle becomes larger, the discrepancy between the different buck-
ling loads increases. 0.65

Furthermore, the buckling modes, calculated by the use of the
different stiffness matrices, vary considerably. The axial buckling
modes are the same and consist of a half-wave. The discrepancy is
most pronounced in the circumferential direction, and, as the cone
semi-vertex angle becomes wider, the discrepancy between the cir-
cumferential wave numbers increases. This discrepancy could lead
to a different postbuckling behavior and must be taken into consid-
eration when buckling loads are calculated by the use of constant
stiffness matrices.

—

T T T T T

N -(based on exact stiffnesses) vs.
Nio r(based on average stiffnesses) J

e

o

&
T

ot

o
T
.

o
o0
[
T
-
)

N (based on exact stiffnesses at the mid-length) 8
\ vs. N cr(based on exact stiffnesses)

0.75F > 1

Normalized Torsional buckling load
=) <)
= =

N
N9 (based on stiffnesses™ < _

at the large end) vs. TR L . _x

N5 -(based on exact stiffnesses) N

i L ! L L

~ e %

0 10 20 30 40 50 60 70 80 90
ol

Fig. 11 Normalized torsional buckling loads vs cone semivertex angle.

is the shear stress resultant. In Table 4 the torsional buckling loads
and modes (in parentheses) are listed. The results are also plotted
in Figs. 10 and 11. Here again, the buckling loads based on the
stiffnesses at the large end form a lower bound to the exact buckling

Torsion loads, whereas the buckling loads based on the average stiffnesses

The torsional load was applied through the boundary conditions,
at the narrower end SS2, that is, N,y =N,y and u =w=M,, =0,
and at the larger end SS4, thatis, w = M,, =v=u =0, where N,y

form an upper bound. The buckling loads based on exact stiffness
at the midlength of the cone, the dashed line in Fig. 10, lie below
the exact buckling load for all cone semivertex angles, and the line



GOLDFELD AND ARBOCZ 649

Table 4 Buckling load based on exact stiffnesses, average stiffnesses, exact stiffnesses at the midlength, and stiffnesses at the large end of laminated
conical shells under torsion?

Exact buckling Buckling load based Buckling load based on the exact ~ Buckling load based on stiffnesses
load, kN/m on average stiffnesses, kKN/m stiffnesses at the midlength, kN/m at the large end, kN/m

Linear Nonlinear Linear Nonlinear Linear Nonlinear Linear Nonlinear
o bifurcation  bifurcation analysis  bifurcation  bifurcation analysis  bifurcation  bifurcation analysis  bifurcation  bifurcation analysis
0 46.18(3,8) 46.17 (3, 8) 46.18 (3, 8) 46.17 (3, 8) 46.18 (3, 8) 46.17 (3, 8) 46.18 (3, 8) 46.17 (3, 8)
10 43.68 (3,9) 45.88 (3,9) 44.72 (3,9) 41.53(3,9) 41.54 (3,9) 35.47 (3, 10) 35.48 (3, 10)
20 —_— 40.97 (3, 10) 42.44 (3, 10) 42.45 (3, 10) 37.65 (3, 10) 37.66 (3, 10) 30.07 (3, 10) 30.11 (3, 10)
30 37.80(3, 10) 38.46 (3, 10) 40.39 (3, 10) 40.41 (3, 10) 33.84 (3, 10) 33.85 (3, 10) 26.34 (3, 10) 26.37 (3, 10)
45 32373, 10) 33.05 (3, 10) 35.25 (3, 10) 3525 (3, 10) 27.68 (3, 10) 27.69 (3, 10) 21.19 (2, 10) 21.20 (3, 10)
55 27.51(3,10) 28.16 (3, 10) 30.32(3,9) 30.34(3,9) 22.65 (2, 10) 23.25 (2, 10) 17.68 (2, 10) 17.68 (2, 10)
65 21.71(3,9) 22.36 (3,9) 2432 (3, 8) 24.34 (3, 8) 18.18 (3,9) 18.18 (3,9) 13.81 (3,9) 13.81 (3,9)
75 14.99 (2, 8) 15.51 (2, 8) 17.04 (3, 7) 17.05(3,7) 12.52.(2,7) 12.52.(2,7) 9.595(2,7) 9.594 (2, 7)
85 7.016(2,5) 7.241 (2,5) 8.661 (2, 5) 8.668 (2, 5) 6.046 (2, 5) 6.047 (2, 5) 4.634(2,5) 4.638(2,5)
90 —_— 3.201(1,2) e 4.703 (2, 3) e 2763 (1, 2) — 1.928 (1, 2)

“Numbers in parentheses: (axial half-wave number, circumferential wave number).

defines an improved lower bound. Furthermore, the buckling load
based on average stiffness gives an adequate estimate of the exact
one. The maximum discrepancy is approximately 5% (except for
large cone semivertex angles, near the annular plate), and the value
is on the safe side.

However, as in the preceding load cases, the buckling modes,
computed by the use of the different stiffness matrices, are quite
different, especially in the circumferential direction and for wider
cone semivertex angles. This could lead to a different postbuckling
behavior that influences the imperfection sensitivity.

Conclusions

In this study, the filament-wound laminated conical shell is thor-
oughly investigated under the assumption that fiber orientation
changes as a geodesic path. First the influence of the geometri-
cal and elastic parameters on the coordinate-dependent constitutive
relations was examined, and then the buckling behavior was inves-
tigated by the use of those relations.

From the results presented, the following conclusions can be
drawn:

1) The material properties, fiber inclinations, and the thickness
of laminated conical shells are strong functions of the longitudinal
coordinate that ultimately influences the stiffness coefficients. The
dependence on the coordinates also occurs for shells with small
cone semivertex angles, consequently, in all cases it must not be
neglected and must be taken into consideration.

2) In all cases, buckling loads based on exact solution are bounded
by buckling loads based on stiffnesses at the large end from below
and by buckling loads based on average stiffnesses from above. This
implies that the buckling load based on stiffnesses at the large end
correspond to the lower limit of the exact buckling load and that the
buckling load based on average stiffnesses correspond to the upper
limit. However, the buckling modes are quite different, which may
imply different postbuckling behavior.

3) The buckling loads based on exact stiffness at the midlength
sometimes give a better estimate for the exact buckling loads. How-
ever, in some cases, it is higher than the exact buckling load (non-
conservative), and this must be taken into consideration.

4) The exact buckling behavior is different from the nominal
ones. Not only the buckling loads but also the buckling modes are
different. This could influence the postbuckling behavior and, as a
result, influence the imperfection sensitivity of the shell. Hence, the
differences in the buckling modes must be taken into consideration.
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